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Abstract

The finite difference and finite element matrix equations are developed for
linear thermoviscoelastic materials. The equations are derived for a general three-
dimensional body, but are applicable upon trivial changes to one- and two-
dimensional configurations, A brief statement of the thermoviscoelastic field
equations is followed by the development of the finite difference equations in
time and then by the finite element formulation in space. Some attention is given
to the experimental determination of material properties and their use in analytical
work. An expansion of the experimentally or analytically determined material
property functions in terms of exponential series leads to recurrence matrix equa-
tions, eliminating the problem of recalculating at each time step the history of
material response. As an example, the details of setting of the finite element
equations are illustrated.
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Finite Element Formulation for Linear
Thermoviscoelastic Materials

1. Introduction

The upsurge of the finite element technique in struc-
tural and continuum mechanics during the last few years
has given to the analyst a tool which provides the flexi-
bility and the versatility necessary for the analysis of struc-
tural and continuum problems with complex boundary
conditions and complex configurations. A vast literature
exists about the finite element technique and its applica-
tion, mainly to elastic and plastic static problems and to
some steady-state dynamic problems (e.g., Refs. 1 and 2).
However, the extension of this technique to viscoelastic
problems without using the elastic-viscoelastic corre-
spondence principle has been accomplished only in a
few relatively simple cases (e.g., Ref. 3). In Ref. 4, a short
description of problems in the stress analysis of linear
thermoviscoelastic solid propellants is given with a review
of some related recent literature. It has been concluded
that only for rather special cases can the elastic-
viscoelastic correspondence principle be invoked, ie.,
when the material properties are independent of thermal
changes. Since the properties of most viscoelastic mate-
rials are highly temperature-sensitive, it is concluded
that the development of a general program should be
based on the solution of integral equations in real time
rather than on the elastic-viscoelastic correspondence
principle. Such an approach using a finite difference
technique in space and time has been applied recently
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in Ref. 5 to simple one-dimensional axisymmetrical
problems.

In this report the finite difference equations in time and
finite element matrix equations in space are developed
for general linear thermoviscoelastic problems.

Il. Governing Equations

A. General Assumptions

A region of space D + B with boundary B (Fig. 1) is
assumed filled with a continuous medium of linear
thermoviscoelastic material. The material may have a
space- and time-dependent distribution of density and
may be subjected at each point in D to externally im-
posed quasi-static inertial forces per unit volume f; (%3, ),
such as gravity forces, centrifugal forces, etc. In addi-
tion, a known space- and time-dependent thermal field
(uncoupled theory)

g (x;,, t) = T(xh, t) - To (1)

exists in the medium in D + B, where T (x;, ) is the local
instantaneous temperature, and T, is a conveniently
selected reference temperature for which the material in
D + B is completely relaxed.



u(B)

0, 1) F&)

8(x, 1)

*1

Fig. 1. Region D -- B with prescribed body forces f, ther-
mal field 9, boundary displacements U, and boundary
tractions F referred to cartesian coordinates x;

At each boundary point in B, the boundary displace-
ments u; (B) or the boundary tractions P;(B) are pre-
scribed. Thus, in cartesian component form, the following
displacement boundary conditions

u; = u; (B) 2
or, the following traction boundary conditions®
n;ri; = P; (B) 3

are valid at each point in B, where n; denotes the com-
ponents of the unit normal vector to B, u; denotes the dis-
placement components, and r;; denotes the components
of the stress tensor in D, as x; tends to a corresponding
point in B.

The initial conditions are specified so that all mechani-
cal field quantities, displacements, velocities, stresses,
strains, etc., vanish for £ < 0, and the temperature increase
0 (x1,t) = 0 when t = 0.

B. Material Properties

The constitutive property of the material in the region
D + B may be anisotropic, but is assumed to be linear.
The coefficients of thermal expansion «};, then represent
a second-order symmetric tensor with six independent
thermal expansion coefficients. The coefficients o}; (T”)

*The usual summation convention in tensor theory is used for double
indices unless indicated otherwise.

may be functions of temperature, in which case it is con-
venient to define average thermal expansion coeflicients
a:; (T) by the relation

1 T
wij(T) =5 | & (T)dT’ (4)
To
The mechanical properties of the material are charac-
terized by the general anisotropic time-dependent relax-
ation moduli E,jx; (£) of the fourth-order material property
tensor, which has the following symmetry properties,

Eiji = Ejirr = Ejjie = Eguij (5)

and, therefore, has 21 independent components in the
general case.

In the particular case of isotropy, the fourth-order
tensor can be represented by two independent compo-
nents, e.g., the bulk modulus K and the shear modulus G,
while the thermal expansion is characterized by the single
expansion coefficient «. The respective isotropic tensor
components are then given by

Eij (8) = { G @) (885 + 81 8sy)

+ [ K(t) — g—c(t)] s”.skz} (6)
and

aij (T) = 8i;a(T) )

where §;; is the Kronecker delta characterized by

3 = (8

1 fori=j
3 0 foris4j

A further assumption is that the material in the region
D 4+ B behaves in a thermorheologically simple way,
showing, for changes of temperature, a pure shift in the
characteristic functions, i.e., creep functions and relax-
ation moduli, when these are plotted against the logarithm
of time. To express thermorheologically simple behavior
analytically (Refs. 6 and 7), a “reduced time” £ is intro-
duced by

£ (1) = /; a[T?;,.,T)] ©)

where a(T) is an experimentally determined time-shift
function (Ref. 8) of temperature T, only; its dependence
on position x;, and time ¢ is implicit through T, and is in
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many cases well described by the Williams-Landel-
Ferry (WLF) equation

an=ew[-gima] W

where T, is the glass transition temperature and C, and
C, are constants.’

Recent experimental work has shown that the shift
function may also be a function of the applied stresses
and the induced strains, and their time derivatives. A few
simple examples of such nonlinear material behaviour
have been discussed in Ref. 9. In the following develop-
ment it is assmed that a(T) is determined @ priori and
is only a function of temperature. Dependence on stresses
and strains can be easily included, however, requiring only
the step-by-step determination of the shift function after
each time-step in the numerical computations, while the
finite element formulation remains unchanged.

For each relaxation modulus the following relation then

holds,

Ef; (1) = Efy (§) (11)
which states that the relaxation moduli at an arbitrary
temperature T corresponding to time t are expressed by
their values at a reference temperature T, related to the
new “reduced time” scale ¢ (Fig. 2).

Similar to the well-known relationships between the
various moduli for isotropic elastic materials, there exist
corresponding relationships between the various moduli
for isotropic linear viscoelastic materials. That is to say,

T
Bt

\J

Int

Fig. 2. Relaxation modulus as a function of time for dif-
ferent temperatures, If the relaxation modulus is plotted
vs the reduced time £, all curves will fall upon the single
curve for T,
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if any two of the seven characteristic functions of isotropic
materials, i.e., the extension modulus E (t), and extension
compliance F (t), the shear modulus G (t) and shear com-
pliance ] (t), the bulk modulus K (t) and bulk compliance
H (t), and Poisson’s ratio v (t), are known from experi-
ment, the others can be determined analytically.

In experimental work it is usually convenient to mea-
sure F (t) and v (£), where F (t) gives the extension of a
material specimen as a function of time under constant
unit stress (Fig. 3). The tensile stress in the longitudinal
direction results in a relative elongation of the longi-
tudinal dimension +e€(f), and in a lateral contraction of
the sample —e¢; (£), both of which are related through
v(t) in general by

—€(t)=v(fe +/tV(t“T)g—:dT (12)

0

If the initial step elongation €, at # = 0 is held constant,
Poisson’s ratio is simply determined by

—&(f)
€9

v(t) = (13)

After F (t) and v (t) are determined, the compliances
J (£) and H (t) can be computed using the following rela-
tions (Ref. 6):

! 0
’(t>=2F(t>[1+v<0)]+2/ F(r) o v(t—n)dr
0
(14)
! ¢
H (£) = 3F () [1 — 2+ (0)] —6/ F @)Lt — ) ds
(15)
%
] — b
[
"l € (t)=log 14 2LEL) . ALE)
to ——:-—Ab(f) ( Lo ) L(:
I Ab(t)) _ Ab(t
AL(f)‘L_. 1: -€|(*)=log<1+—bé1—>=__bgl
F(1)= <)

T CONSTANT STRESS

CONSTANT FORCE

Fig. 3. Determination of longitudinal strains €{),
lateral strains €;, and compliance F (1)



The shear modulus G (f) and the bulk modulus K (t) in
Eq. (6) are then obtained from the following integral
equations of the first kind:

/t](t—“r)G(-r)dr=t (16)

4
/ H(t—-)K()dr =t (17)
In the isotropic case one has then, similar to Eq. (11),
the relations

GT (8) = G™(8); KT (8) = K™ (§) (18)

For a discussion of various experimental techniques for

the measurement of viscoelastic material properties, refer-
ence is made, for example, to Ref. 10.

C. Thermoviscoelastic Field Equations

The general field equations of quasi-static linear ther-
_ moviscoelasticity are

(1) equilibrium equations,
oij,; +fi =0 (19)

(2) strain-displacement equations,

DO =

€;; =

(s, + uj,4) (20)

(3) and constitutive equations,
2
oij (X1, 1) = f Ein [£ (x,7) — & (20, 7))

> %[em (9, 7) — et (xny 7) @ (7))
(21)

where the argument [£ (x;, £) — £ (%3, 7)] is obtained using
Eq. (9). If one considers the assumed initial conditions
and allows for the possibility of an initially induced step
strain €10, (x) at ¢ = 0, then Eq. (21) becomes

O35 = Eijkl (5) €x1(0) (xh) +/ Eijkl (5 - f’)

0

X 56" (ekl - agy 0) dT <22)
T

The principle of virtual work states that at any time-
instant ¢, the work done by the internal stresses in D
when going through the arbitrary virtual strains 3¢;; is
equal to the work done by the body forces f; in D when
going through the corresponding virtual displacements
8u;, and by the boundary forces Pj(B) when going
through the corresponding virtual boundary displace-
ments 8u; (B). The principle of virtual work can be writ-
ten immediately as

[ o1 8€;,dD = f §, su; dD + / P,(B)ou, (B)dB  (23)
D D B

Substituting Eq. (22) into Eq. (23) gives

£
/SGU {Eiikl (&) &1 +/ Eijn (€ — f')% (€1 — ar 8) d'r} dD =f8u,~ fidD +/8u,~ (B)P;(B)dB (24)

D. Incremental Field Equations

Starting at ¢ = 0, the time axis is subdivided into not
necessarily equal intervals At,, so that

tomy = Aty + Ty (25)

From Eq. (9) one then obtains the corresponding “reduced
time” intervals,

Emy = Afmy + Em-ny (26)
from
tem)  dr At(m)
Ay = ——— Y 27
fom f ) = o (T) @)

B

The corresponding field quantities at time £, are defined
in terms of those at time (-1, and the associated incre-
mental quantities by

Cijem) = Adijamy T 0ijm-1)
fiem = Ofjmy + Fiom-n
Wimy = AUjem) T Ujm-1)
(28)
€ijm) = A€ijem) T €ijm-1)
(@35 0wy = A (@i O)am) + (@ij O)em-a)

P;(B)(my = AP; (B)my + Pj (B) -1
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With a substitution of the appropriate quantities of
Egs. (28) into Egs. (19) and (20), it follows that the latter
are identically satisfied also only for the increments, i.e.,

Avijimy,; + Afigmy =0 (29)

A€ijm = 5 (Abimy,j + DlUjm), ) (30)

o[ =

The virtual work equation, Eq. (23), at the time-instant
t(m) is

/ 0ij (my SAEij (my dD = / ficmy 8AU;(my dD
D D

+ [ B 380 (B 0B
B
(31)
where for the arbitrary virtual strains and displacements

the corresponding variations of the increments 8A€;; im),
3AU; (my, and §Au; (B) ) have been chosen.,

Mm=n

Substituting for oijm), fimy and P;(B)wm, from
Egs. (28), Eq. (31) is identically satisfied also for the
time-instant f,_;, and independently also only for the
mth increments.

The stress at £, follows from Eq. (22) as

[

)
oijmy = Eijrr (Emy) €100 +/ Eijr (§my — &)

0

0
K= (‘E];g, — a1 0) dT (32)
or
With the following approximation at m),

0
a_T (ekl — ag 0) dr = A€ximy — A(akl 0)(,,,,) (33)

the integral in Eq. (32) can be approximated by a sum-
mation as follows:

gijom = Eijir (b)) @100 T 2 Eijrr (B — Emen)) [A€kr(my — A (o1 0)m ] (34)

m=1

Now, with a substitution of Eq. (34) into Eq. (31), Eq. (31) can be rewritten for ¢, in the following form:

m=n

/SAu,-(,,) (B)(m) P; (B)(n) dB :fSAEii(n) [Eiir (Emy) &1y T 2 Eijrr (E) — Eom1)) A€y my] dD
B

D

m=1

_[SAEU(W) S Eij (b — Em-1)) A (a1 0) my dD — /aAui(n) fimy dD (35)
D D

m=1

. Element Equations

The virtual work relation of Eq. (35) is the starting point for the development of the finite element equations in this
section. It is convenient to write Eq. (35) in matrix notation, using the following substitutions:

T T
SAU; (n), 8A€ij(n) - {SAun}, {SAEn}

P; (B) (n)» €x1(0)> A€k1my» A (s 0) amy, Fi nys @i imy = {Pu}, {€0}, {Aem}, {A (0)n}, {£2}, (O} (36)

Ei]'kl (é(n)), Ei]'kl (5(1&) - é(m—-l)) -> [E (én)]’ [E (gn - ém—l)] (37)

Eq. (34) then becomes,

(0,) = [E(&)] (&) + mz [E (€0 — £n-s)] {A€n — A (€0)} (38)
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and Eq. (35) becomes

/ (3au,) {P,) dB = [ (386} ([E (&)] (&) + -

:[E (& — £n)] (A6n}) dD

~ [ (30} S 1B 60 — 0] ( (20} dD — [ (0.} (6 D (39)

The entire domain D is now divided into subdomains
(finite elements) which are connected to each other at
nodal points (Fig. 4). In each subdomain a local rectangu-
lar coordinate system is conveniently located. For in-
stance in the Ith subdomain Dy, located at vector position
{r'} with respect to the global coordinate system
(%1, %2, %3), the local coordinate system (21, z1, z7) is shown
in Fig. 4, The local position vector, {z'} and the global
position vector {x'} of a point in D, are related to each
other by a coordinate transformation of the form

x}=1CT{} + {1} (40)

where [C7] is the orthogonal coordinate transformation
matrix involving the direction cosines between the coordi-
nate axes. In many cases it is convenient to let the local
and the global coordinate systems be the same; and the
following developments will be restricted to these cases,
with the realization that the generalization of the follow-

ing results requires only elementary transformation in-
volving [C’] and {r'} in Eq. (40).

In the Ith subdomain D;, a displacement field is
assumed of the form

{w (2, 8)} = § {90 (x)} 4y () (41)

where the ¢, are assumed functions of position which
are to be chosen so that compatibility at the boundary
between adjacent elements is preserved. The time func-
tions g%, (f) are the unknown generalized coordinates
of ‘which there are as many associated with an element
as there are nodal displacement degrees of freedom. The
number of terms in the series in Eq. (41) is therefore a
function of the type of element and its number of nodal
points.

Equation (41) can be written in the form

{v} =[¢1{q"} (42)

and the corresponding increment at time #,, is

{aw)} = [9] {aq;} (43)

The incremental nodal displacements of the Ith ele-
ment are equal in number to the generalized coordinates
and at ¢, are

{aU} = [@] {aq;} (44)

in which the matrix [®7] is formed by successively intro-
ducing each nodal point coordinate in Eq. (43). The
matrix elements in Eq. (44) are, thus, not functions of
x. Solving for {Aq.} gives

{aq,} = [#]7 {aU;} (45)

With the use of Egs. (30) and (41), the column of incre-
mental strain components in the Ith element at ¢, can
be expressed in terms of the generalized coordinates as
follows,

{ae}} = [¥]{aq} (46)

where the elements of the rectangular matrix [Y7] are
functions of x, involving the @7, and their derivatives.

With Egs. (45) and (46) the sirain increments, in terms
of the increments of nodal displacements, become

{a€l} = [y1][27]*{aU;} (47)
It can be similarly shown that the initially induced strains

{€}}, in terms of the initially induced nodal displace-
ments {U.}, become

{e0} = [¥][®] {UL} (48)

When Eq. (45) and the transpose law for matrix products
are used, the transpose of the variation of the incremental
strain components in Eq. (46) becomes

(sa€l} = (3aUL) [@] [y] (49)
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Fig. 4. Typical subdomains (finite elements) with local coordinate systems and nodal forces referred
to the global coordinate system
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If {P!} is the column matrix of the nodal force components for the Ith element (Fig. 4) then, from Eq. (39) with
Eqgs. (43), (47), (48), and (49), one obtains for the Ith element as the domain of integration

(P1} = ] [01] [/] "'2 [E7 (£ — £n0)] [9] [®]dD, (AU} + [ [0 [¢4] [EZ ()] [¥] [@] dD; (U}

/ [0 [g] 2 [E! (£, — £a)] {2 («6)L.} dD, — / [0 [g!] (£} dD,

The following quantities are defined:

K, ] = / (0] [¢] [E (b — £na)] [7] [07]7 dD,
| (51)

[K:] = / (0] [yr] [E/(6)] [W] (@] dD,  (52)
(T, )= / [0 (9] [E! (6 — £ns)] (& (a0)1,} D,
' (53)

(F1) = / ) [0 [¢'] (£} dD, (5

Interchanging integration and summation in Eq. (50), one
obtains with Eqs. (51) to (54) the element equations in the
following form:

(P} = [K, ] {aU) + 3 [KL, ] {aU,)

=1

(50)

Equation (55) gives the unknown nodal force vector
{P!} for the Ith finite element at time

m=n

t(n) - 2 At(m)

m=1

in terms of the initial element nodal displacements {U?},
the subsequent element nodal displacement increments
{AUL } at time %4, the thermal field quantities, and the
body force quantities. With the exception of the element
nodal displacements {U’} and {AU! }, all quantities on
the right hand side in Eq. (55) are known initially at ¢ = 0.

IV. System Equations

In the previous section, only a single finite element was
considered. In this section an arbitrary number of N such
elements will be assembled, constituting the entire system
of elements into which the region D was subdivided. Thus,
it follows that

KU = 3 (T, — (F) (59) - 'S'p, (57)
At time ¢ = 0, Eq. (55) becomes, The N sets of uncoupled element equations, Eq. (55), can
(P} = [KI] {U!} — {F!} (56)  be ordered and written in the following form:
{If;} [K:,,0] /2 (K31 (a3
(1) = | X,,.] {Ai:;;} + Z K, {AI'.J;}
{Pg} | Xy, {A{;g} i | XY, 11\ (aum)
L3 (U (T3 (O
+ ..[Ki,]_ {t%s} ~ ZV_: Xy, - {Fié} (35)
i el {ﬁ:;’} § (7, {F:,’Y}
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Compactly, this can be written

N=n—

(P} = [Knna] {40} + 2 [Kp,mes] {AU,.)
+ [K.) {Uo) — mzn (To s} — {Fa) (59)

To interconnect the discrete finite elements, equilibrium
conditions and compatibility conditions are imposed at
the nodal points. If the externally applied forces at the
nodal points, Fig. 5, of the interconnected system, i.e., at
the system nodal points, at time ¢, are put in the vector
form, {P,}, then equilibrium requires that at each system
nodal point the sum of the internal forces, i.e., the nodal
forces at the element nodal points interconnected at the
system nodal points, equals the externally applied force
at that point. To this end a connectivity matrix or assembly
matrix [A] is formed, which, when premultiplying {P.},
gives {P,}. Thus,

[A] (P} = (P}

The same relation, of course, also holds
for time t =0, i.e.,

[A] {Po} = {fo}

(60)

Here, the assembly matrix [A] is the so-called Boolean
matrix consisting of only zero and unit elements corre-
sponding to the interconnected elements and points.

It can now be shown that the incremental displacements
at £, at the nodal points of the individual elements and
of the assembly, i.e., the element nodal displacements
{aU,}, and the system nodal displacements {AU, }, respec-
tively, are related as follows:

T —
[A] {aU.} = {aU,}
And similarly at time t =0, (61)

[A] (T} = (U}

TYPICAL EXTERNALLY
APPLIED FORCE

TYPICAL EXTERNALLY
APPLIED FORCE

Fig. 5. Assembly of finite elements
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Substituting Eqgs. (61) into Eq. (59) and using both
parts of Eq. (60) gives the forces applied externally to the
system at the system nodal points,

(B} = [A] [Kn ] [A] {aT,)

+ "3 [A] [Ky ma] [A] {AT,)

m=1

+ [A][K.] [A] {Ts)

- z [A] (Tona) — [Al{F.})  (62)

A certain number of the system nodal displacements
are restrained to follow a certain prescribed path in space
and time (including zero displacements, as, for example,
for unmovable supports). These displacement conditions
must be imposed on the displacement vector,

m=n

{Ua} = {Uo} + = {aU,} (63)

n=1

Thus, the values of the prescribed nodal displacements
at each time-instant t.,, are known, hence, their incre-
ments are also known. The unrestraint system nodal dis-
placements then become the unknowns. If {AU.,} is the
vector of only the unknown incremental system nodal
displacements, then these are related to all the incre-
mental system nodal displacements, including the pre-
scribed ones, by a boundary condition matrix [B] in the
following form:

[B] {aT,} = {aT.)
and for ¢t =0, (64)
[B] (T.} = (U}

The forces of restraint which ensure the prescribed
nodal displacements are unknown external nodal forces
(supporting forces), while all the other nodal forces are
known externally applied forces. If {P,} is the vector of
all known forces applied to the system nodal points, then
these can be expressed, in terms of all the nodal forces
including the unknown ones, in the following form:

[B] {P,) = {P.}
and for t =0, (65)

[B] (B.} = {®0)



Substituting now Egs. (64) into Eq. (62) and using Eq. (65) gives the vector of the known forces applied to the

system nodal points,

(P.) = [B][A] [Kn ] [A] [B] (4T} + "3 B]A] [Ky o) [A] [B] {aT,0)

+ [B] [A] [K,] [A] [B] (T.) — S [BIIAI (T n) — [B] [A] (Fi)
forn=1,23,-- .

Also,

{%.) = [B] [A] [K.] [A] [B] (Do} — [B] [A] {Fy}

forn=20,ie,att=0.

Equation (66) can be solved for the unknown incremental system nodal displacements at ¢,,),

(AT} = [[B] [A] [Kni] [A] [Bﬂ‘l { @)~ S [BI[A] [Knn.] [A] [B] (aT0)

m=1

— [B][A] [K,] [A] [B] (G} + 'S [B][A] {Tnns} + [BI[A] {Fn}}

=1

(66a)

(66b)

(67)

The displacements at ¢ = 0 follow from Eq. (67) as, { Aﬁg} = [[B] [A] [K.,.] [Af [BT:]_I

T = [[B] [A] [K.] [A] [Bﬂ’l {{i‘%} + [B] [A] {Fo}}

x {{i,} — [B] [A] [K,..] [A] [B] (aT.}

(68)
and the following terms for £ = £, £(s), L3y, * * - are, from — [B] [A] [K;, o] [A']r [Bi {AI=J1}
Eq. (67), T
= T T7-1 - [B] [A] {Ka] [A] [B] {Uo}
(aT.) = [ [B] (4] (K. (4] 8] |
+ [B] [A] (Ts,.} + [B] [A] {T,,,)
_ T T =
x {8 — [B] [A] [K:] [A] [B] (To)

: + [B][A] (T} + (BIIAL (R} (1)

+[BIAL(T, ) + B AL (R)}  (69)
Equation (67) is written in the form of a recursion equa-
= T 11 tion, where the incremental displacements of the system
{aU.} = [[B] [A][K;,.] [A] [B]:l at time £, are expressed in terms of all the previous incre-
_ . r = mental displacements, the applied loads, and the applied
% {{}?’2 } — [B] [A] [K.,0] [A] [B] {aU,} thermal .ﬁeld. Using Eq. (67), it is necessary at each incre-
mental Hme-step to go back and start the computation af
T T = time £ = 0, as is evident from the summation terms. This
— [B] [A][K.] [A] [B] {U.} usually leads to excessive computational work if results
’ for relatively long durations of time are sought. Such
+ [BI[A] (T2} + [B] [A] {T:,0} computational work can be reduced in many cases, how-
| ever, if certain assumptions are made for the material
+ [B][A] {FZ}} (70) property matrix [E], as will be shown in the next section.
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After the displacement increments {Aﬁn} and {I=Jo} are
determined, the element nodal displacements {AU,} and
{U,} can be computed using Eqs. (64) and (61),

(aU,} = [A] [B] {aT.}
and for ¢t = 0, (72)

(U,) = [A] [B] (aUy)

To obtain the nodal displacements for the Ith element
only, Eq. (72) is premultiplied by a rectangular matrix
[1'] which contains only unit or zero elements and which
selects only the Ith element nodal displacements. Thus,

(aUz) = [11] [A] [B] {aT.}
and fort = 0, (73)
(Ut} = [17] [A] [B] {T)

Substituting now Egs. (73) into Egs. (47) and (48) gives
the incremental strains in the Ith element at time ¢(,,,

(ae} = [y7] [0+ [1:] [A] [B] {aT.}
and at time ¢t =0, (74)

() = [¢] [®] [F] [A] [B] {T,)

The stresses in the Ith element at ¢ = £, are then obtained from Eq. (38) at time ¢,

m=1

(o1} = [E/ (£)] [y'] [07] [11] [A] [B] Ty} + S [E' (6 — sm-ln{[up'] [0]+ [I] [A] [B] (a0} — {& (ao):n,}}

and at time t = 0,

(o) = [E(0)] ['] [0]~ [I'] [A] [B] (U} (76)

Equations (75) and (76) provide the complete solution
of the problem. Equation (76) is the elastic stress solution
if the matrix [E’ (0)] is assumed to be the elastic material
property matrix. With this assumption, the second of
Eqs. (74) is the elastic strain solution and the second
of Egs. (73) the elastic displacement solution.

V. Viscoelastic Property Functions

It has been mentioned that the solution of viscoelastic
problems as expressed by Egs. (67) and (68) often requires
extensive computational efforts because of the recurring
summations starting at time ¢ = 0 for each incremental
time-step. In linear viscoelasticity it is now possible, how-
ever, to represent the components of the material property
matrix in Eqgs. (51), (52), and (53) by an exponential series

(75)
of the following form:
[E (gn - fm—1)] = [Eo]
+ El [Er] €xXp {"(gn - gm»l)/Tr} (77)

and

[E ()] = [E] + 3 [E] exp (—£u/r)

In these expansions the coefficients [E,] and the char-
acteristic relaxation times r, are chosen so that experi-
mental data or a particular discrete linear viscoelastic
model are represented with sufficient accuracy.

Assuming that within an elementary domain, e.g., D,,
the thermal field is independent of the spacial coordinates,
the first, second, third, and fourth term in Eq. (55) can
then be represented, using Egs. (51), (52), and (53),
respectively, in the following form:

K, ] {aUf) = [ [0 [¢] [EX] [y] [®] dD, {AUL}

+ 3 [ [0 (9] [E2] (9] (071 dD; {AUL} exp (—(én — bu-s)/r) (78)

r=1 .J Dy

JPL TECHNICAL REPORT 32-1381
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3K, (a0 = f [0 [w] ({11 [0 dD; 3 {aUL)
+ 3 [ ol ] 191D, S (V) ep(—6 b)) ()

[K1] (U1} = / [0] [¢] [EZ] [¢] [0 dD; {U!)

r=8
+ =

r=1JDy

[07] [¢/] [EZ] ['] [@] dD, (UL} exp (—4u/r.) (80)

mgn {Tft,m—l} :/ [Ql‘i‘_l [\P;i [E{)] dD; m§~" {A (a()){n}

+ 3 [ b el E1ap, S (o000 e~ — fw/rd (81)

If one defines

m=n-1

(Wi )= 3

n-1,7
m=1

{aUL} exp (— (b0 — &m-1)/7+) (82)

then one can write

{W;—l, r} = {AU;,—l} exp ( _(gn - gn—z)/Tr)

m=n-2

2 {aU.}

m=1

+ exp <_($'n - gn—l)/Tf)
X €xXp ("' (gn—l - §m—1)/7r) (83)

which yields the recursion equation

{W;—l,r} = {aU]_,} exp (—(&n — &n-z)/7r)

+ exp (— (& — &na)/7r) (Wi, .} (84)

Similarly, if one defines

© 3="S (AL} exp(—(6s — bns)/r)  (85)

then one obtains the following recursion equation:
{05} = {a(xb)} exp (— (€ — £na)/7r)
+ exp (— (& — &ua) /) {O70,0) (86)

12

When one recognizes that

"3 At = (UL - () (87)
3 (a0} = (@)} (88)

and defines
k] = [ o] 1w E2) 11 (04D (89)
k] = [ 107 ] 18] 1w (01D, (90)
@)= | o] 1] ) ay (1)
@)= [ (o 1w e ap, (92)

then Egs. (78) to (81) become, respectively,
K, ..] {aU}} = [Ig] {aU}}
+ S [K(AU,) exp (— (6 — £aci)/7)

(93)

=

3K, L] {(AULY = [ ({UL,) — {U5))

m=1

3w,y (e

JPL TECHNICAL REPORT 32-1381



K41 (U3} =[] (U3)
+ 3 KU exp(—&/r)  (95)

and
m=n

2 AT, ) =[] {(a0);}

m=1

SN CARCREENCY

When Egs. (93) to (96) are substituted into Eq. (55), all
subsequent developments in the previous sections apply
as shown; however, it can be seen from Egs. (94) to (96)
that at each time-step the evaluation of the associated dis-
placement increments requires information from only the
immediate previous time-step by virtue of the recursion
equations, (84) and (86).

V1. An lllustration

For the detailed determination of the matrices in
Sections III and IV, it is well to illustrate here the
matrix development steps for a simple but typical two-
dimensional example.

A typical triangular element I is shown in Fig. 6. The
displacement field in the element is assumed to be a linear
function of space. Equation (41) then becomes, in this case,

auis _ 5‘7{1) + xiqiz) + x{qu(s)s o7)

I I Il I I
uz lq(‘t) + xlq(5) + xzq(c)

hence the rectangular matrix in Eqgs. (42) and (43) is

: 1 z x 0 0 O
9] = 98
0 0 0 1 =« 4 38)

Equation (43) is then

I
AG1y
I
AG 2y (wy

Ag?
(3) (n)
1
Aq () (m)
1
AQ 5y )
I
AC] 6) (n)
(99)

Aug(mé I = « 0 0 0
Aul ) 0 0 0 1 x «f

JPL TECHNICAL REPORT 32-1381

Introducing successively each nodal coordinate from
Fig. 6 into Eq. (99) gives the rectangular matrix in
Eq. (44) as

(1 &, B 0 0 07
0 0 0 1 da b
1 a b 0 0 0
[o7] = (100)
0 0 0 1 a5 b
1 a b 0 0 0
0 0 0 1 a b

Similarly, substituting Eq. (99) into Eq. (30) and using
Eq. (46) gives the rectangular matrix in Eq. (46) as
0 1
[]=]0 0 O O 0 1
0 % 0 1% 0

0 0 0 0
(101)

=)

The matrices Eqs.(98), (100), and (101), together with the
material matrix [E’], the thermal matrix {A ()., }, and
the body force matrix {f.} are sufficient to generate the
element matrices Eqs. (51) to (56), hence, Eq. (58).

It is now mnecessary to specify the particular system
(assembly of elements) under consideration and to give the
loading and supporting conditions. In the system used
here as an illustration (Fig. 7) 3 elements and 5 nodal
points are shown as well as the loading and supporting
conditions.

The construction of the assembly matrix [A] is accom-
plished by writing the equilibrium conditions at each
nodal point. Thus, at time #(,),

P{in P_lln
P].:).m, F]'é"
Pijn +P11Iin. + PIlliIn 0
Pf, + PI, + P 0
2jn 2in 2in
Pllljln P—dln
puu = P (102)
2in 2n
Pl + P35, 0
PIIII'n + Plﬂcn Pin
Pgllm + PIzkn P—szn
13



where the supporting forces at nodal points 1 and 3 are unknown while the applied force at nodal point 5 is known.
From Eq. (102) the assembly matrix A in Eq. (60) can be constructed in the following form:

[A] =

%

by

10
01
00
00
00
00
00
00
00

00

00
00
190
01
00
00
00
00
00
00

00 00
00 00
00 10
00 01
00 00
00 00
10 00
01 00
00 00
00 00

oy

X

-

Fig. 6. Typical triangular two-dimensional element

Fig. 7. Example of o two-dimensional continuum con-
sisting of 3 elements with general boundary conditions

14

00
00
60
00
00
00
00
00
10
01

00
00
10
01
00
00
00
090
00
00

00
00
00
00
00
00
10
01
00
00

00 007
00 00
00 00
00 00
10 00
01 00
00 00
00 00
00 10
00 01

(103)

All the incremental system nodal displacements at time
t can be written in terms of only the unknown system
nodal displacements (see Eq. 64) as follows:

AU, 0

AT, o ol

alz, AUZ, Aﬁ%’,,b

alz, alz, =
_ als, cals, T Ag_-j"
WU = g (= abs [~ B Agin (104)

N N i%:"

INGS NS Aﬁ;”

AUz NN =

AT, AUz,

The boundary condition matrix in Eq. (64) follows, then, as

-

-

00 10 00 00 00
00 01 00 00 00
00 00 C1 00 00
Bj=[00 00 o0 10 00| @03
00 00 00 01 00
00 00 00 00 10
00 00 00 00 01
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The steps of constructing the matrices [¢], [®'], [¢/],
[A] and [B] in a problem are basically always the same
as illustrated in this simple example. Three-dimensional

tetrahedron elements require exactly the same formu-  straightforward.
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